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Multiple surface plasmons on an unbounded quantum plasma half-space
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The propagation of surface plasmons on a quantum plasma half-space in the absence of any ex-
ternal confinement is investigated. By means of Quantum Hydrodynamic Model in the electrostatic
limit it is found that the equilibrium density profile is a smooth continuous function which, in the
linear regime, supports multiple non-normal surface modes. Defining a spectrum function and using
a cutting condition, the dispersion relations of these modes and their relevance for realistic dynamics
are computed. It is found that the multiple surface plasmons present a significant red-shift with
respect to the case of fully bounded quantum plasmas.
In the recent years, surface phenomena on a quan-
tum plasma half-space (QPHS) as surface plasmon (SP)
or surface plasmon-polariton (SPP) waves have been in-
tensively studied. The interest is driven by their rele-
vance for the next generation of high frequency quantum
electronic devices [1] or other quantum plasma systems
as dense astrophysical objects [2, 3], laser-solid based
plasma [4], metallic nano-structures [5], etc. From a the-
oretical point of view, the SP and SPP on a QPHS are
usually investigated within the Quantum Hydrodynamic
Model [6] (QHM). Lately, a lot of progress has been done
in this field [7–13] (and the reference therein).
Despite the impressive amount of work, almost all the
existing studies have used a fundamental assumption: the
QPHS was considered entirely bounded by a plane result-
ing in a step-profile of the density. Although not usually
mentioned, this choice (found in literature as hard-wall-
boundary-conditions) is mainly motivated by the analyt-
ical simplifications induced in the linearized QHM. Phys-
ically, such a constrain leads to an infinite work function
for the electrons in the system which is unrealistic, un-
less, there is an infinite external confining potential with
step profile at the surface of the QPHS. Otherwise, the
quantum nature of the electrons should exhibit tunnelling
effects, being allowed to have a smooth density profile
and consequently a decaying spill-out beyond the ionic
volume.
In the present work it is investigated the SP phe-
nomenon in an unbounded QPHS taking into account the
continuous spatial profile of the density in the absence of
any external potential. Thus, the existing approaches
are not labelled as unrealistic, but rather it is pointed
out that they treat the case of a bounded (fully confined)
QPHS, while this paper is concerned with the other ex-
trema of no external confinement.
Previous attempts have been made towards the study
of electron charge distribution effects on the dispersion
relation of a surface plasmon on metal surfaces. We men-
tion the early work of Bennett [14] which has considered
a simple hydrodynamic model with the assumption of lin-
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ear surface profile to prove the existence of multiple sur-
face modes. Also, Feibelman [15] shown that in the frame
of Hartree-Fock theory, the frequency of the SP is insensi-
tive to the electron charge profile in the long-wavelength
limit. More recently, it was proven the ability of the full
QHM to describe realistic quantum plasma profiles and
dynamic phenomena in nano-particles [16, 17] and metal-
surfaces [18]. Yan [19] presents a comprehensive discus-
sion on the linearized QHM for inhomogeneous electron
gas.
The QPHS is defined in an Oxyz Cartesian coordinate
system, considering the immobile ions (due to their large
inertia) to form a homogeneous background of positive
charge with density ni in the z > 0 half-space. The
system is completed by the electron fluid which is free
to occupy the entire space with whatever density is fit
to reproduce the ground-state equilibrium. The surface
of the quantum plasma is defined as the z = 0 plane in
agreement with equilibrium solutions presented bellow.
The dynamics obeys by the QHM equations [6]:
∂tn+∇(nu) = 0 (1)
(∂t + u∇)u = −∇(ϕ+ g[n]− H22 ∇
2n1/2
n1/2
) (2)
For legibility, the (r, t) arguments have been dropped for
all quantities being automatically implied. We identify
the density of electrons n, the associated velocity field u,
the electrostatic potential ϕ subject to Poisson equation
∇2ϕ = 1 − n and g[n] = τ [n] + vxc[n] a local functional
of density that reproduces the density of kinetic energy
together with the exchange-correlation potential. Also,
the following scaling has been used: t → tω−1p , r →
rvF /ωp, n → nni and u → uvF where ni is the ionic
density, ωp = e
2ni/mε0 is the plasma frequency and vF =
~/m(3pi2ni)
1/3 defines the Fermi velocity. With these,
the scaled Planck constant H = ~ωp/mv
2
F is obtained.
The ground-state of the quantum plasma is the equilib-
rium solution (∂t ≡ 0) of the QHM which minimizes the
total energy. The latter condition imposes u = 0, there-
fore, the momentum eq. 2 becomes a partial differential
equation for density. Defining by a Madelung transform
the pseudo-wave function ψ =
√
n, one can rewrite[6, 16]
the stationarity condition as a self-consistent non-linear
2FIG. 1: The numerical solution in the case H = 0.7
for the ground state density n0(z) is represented in blue
(solid line) while the step ionic background serves as
reference being plotted with black (dashed line). Sup-
plementary, the effective potential g[n0] + ϕ is shown in
red (dot-dashed line).
Schrodinger equation:
(−H
2
2
∇2 + ϕ+ g[n])ψ = µψ (3)
where µ can be interpreted as Fermi level. This re-
formulation in an eigenvalue problem has some numer-
ical advantages. Most important, the Bohm potential
n−1/2∇2n1/2, which is singular at n = 0, has been trans-
formed in a simple diffusion term ∇2ψ. Although the re-
sulting operator hˆ = −H2/2∇2+ϕ+g[n] is self-consistent
with the solution, it acts linearly on ψ and, consequently,
it can be diagonalized with standard techniques. More-
over, the spill-out of density beyond z = 0 is obtained
naturally from the smoothness of the eigenvectors via
asymptotic boundary conditions. In practice, it is used
the Thomas-Fermi approximation for the kinetic term
τ [n] = n2/3/2 while the exchange-correlation potential
vxc[n] is parametrized as in [6].
The QPHS is spatial invariant in the Oxy plane, there-
fore, eq. 3 is solved only in the Oz direction. An equidis-
tant grid together with a finite difference scheme are used
to represent the operator hˆ on the [−L,L] interval with
L ≫ 1 in order to reproduce the asymptotic conditions
lim
z→∞
ψ(z) = 1 and lim
z→−∞
ψ(z) = 0. The ground state
solution is obtained iteratively starting with a guess for
ψ, computing at each step the effective potential g[n]+ϕ
from the eigenvector with the lowest energy and diago-
nalizing hˆ. A typical result for H = 0.7 is shown in Fig.
1 with an Wood-Saxon like profile for the equilibrium
density n0(z), confined by the effective potential g[n]+ϕ
(while τ > 0, vxc < 0 and ϕ < 0).
In order to investigate the SP phenomena, we go back
to the QHM and consider small time dependent fluctua-
tions of the density and velocity field around their equi-
librium values n = n0+n
1 and u = 0+u1. The system of
eqns. 1-2 is linearized and the velocity field is eliminated
leading to a single equation for n1:
∂ttn
1 = ∇{n0∇[ϕ1 + δg
δn
∣∣∣∣
0
n1 − H
2
2
Q1]} (4)
where Q1 is the linearization of the Bohm term
n−1/2∇2n1/2 and ∇2ϕ1 = −n1. Using the the spatial in-
variance in the Oxy plane (r‖), we move in the frequency-
momentum domain applying [13] the time-space Fourier
transform n˜(z, q, ω) =
∫
dtdr‖exp(−iqr‖+iωt)n1(r‖, z, t)
on eq. 4. After differentiation and algebraic manipula-
tion we obtain the following :
Lˆn˜ = ω2n˜ (5)
Lˆ =
4∑
i=0
ai(z, q)∂
(i)
z +
2pi
q
n′0∂z
∫
dz′e−q|z−z
′| (6)
An eigenvalue problem has been derived for the density
modes n˜ with ω2 eigenvalues for the linear operator Lˆ.
The latter is a fourth order differential operator with
variable coefficients completed by the integral nature of
the Coulomb term. The explicit expressions for ai(z, q)
coefficients (presented in the Appendix?? 12) are over-
whelmingly complex making any analytical result almost
unachievable.
From a numerical perspective, Lˆ is represented also
within a finite difference scheme on the same [−L,L] grid,
supplemented by null Dirichlet boundary conditions at
z → ±L. Diagonalizing the resulting matrix, the eigen-
modes n˜j and associated eigenvalues ωj are obtained. A
first issue is that the dimension of the spectrum will be
equal with the number of points on the grid, therefore,
some supplementary criteria are needed to extract only
the physical modes which are associated with the SP.
Such a criteria is given by the asymptotic behaviour at
z → ∞, where n0(z) → 1 and n′0(z) → 0. In this bulk
region, Lˆ simplifies to:
Lˆ = H
2
4
∂(4)z − (
H2q2
2
+ s0)∂zz + 1 +
H2q4
4
+ q2s0 (7)
where s0 is defined in the Appendix. The local solu-
tion for the associated differential equation is given as a
superposition of exp(±γ±z) terms where (similarly with
[13]):
γ± = k
2 +
2s0
H2
(1±
√
1 +
H2
s20
(ω2 − 1)) (8)
Since by definition the SP must be localized at the surface
of the quantum plasma with a decaying behaviour in the
bulk region, then there is a critical value for the frequency
ω < ωc (above this value, a surface mode turns into a
volume plasmon) given by:
ω2c = 1 + q
2(s0 +
H2
4
) (9)
3FIG. 2: In the case H = 0.7 and q = 0.39 the first 5
density modes n˜(z; qω) are plotted. The fifth mode has
an eigenvalue ω = 1.12 slightly larger than the critical
ωc = 1.10, thus becoming a bulk mode.
Performing extensive variation of the (H, q) parameters
it was found the existence of a variable number of modes
that obey the critical condition. For small H ≈ 0.1 we
have 6 modes while at the other end, H = 1, there are
only 4 modes. In Fig. 2 are plotted the spatial profiles of
the first five n˜j(z; q, ωj). It can be observed that the fifth
profile is associated with a frequency slightly larger than
ωc and for that, it does not show the searched decaying
behaviour. Qualitatively similar results can be found for
any (H, q) pair, with surface plasmons of various local-
izations.
Beside this cutting condition, it must be noted that Lˆ
is a non-hermitian operator which usually means com-
plex spectrum and non-orthogonal eigenvectors. Despite
this, all the surface modes have been found to be real by
means of numerical simulation, property which is most
likely connected with the fact that the finite difference
matrix representation of Lˆ is diagonally positive domi-
nant. Further, due to non-orthogonality of the densities
n˜j , we face a spectrum of non-normal modes. The main
physical consequence is that even exciting a single sur-
face mode, all others will be automatically excited due
to their non-zero overlapping. For that, a supplementary
criteria to evaluate the relative importance of each eigen-
mode during the realistic dynamics of a quantum plasma
is needed.
Let us consider that the SP in a QPHS is excited by
electrostatic interaction with a fast passing external point
charge (other excitation mechanisms are possible but this
was chosen due to its relevance for EEL experiments). In
this case, the external field can be modelled as ϕext =
δ(t)e−qzeiqr‖/q. Including this potential in the momen-
tum eq. 2, an initial velocity field u(z, t = 0) = e−qzez is
obtained. Therefore, the relative importance of a certain
eigenmode it is given by the overlap between the induced
velocity field and the velocity field associated with n˜j .
The latter can be also obtained from the linearized mo-
mentum eq. as iω−1j Mˆ−1n˜j , where Mˆn = s0n−Q1+ϕ.
In this respect we define the spectrum function of surface
plasmons as:
S(q, ω) = η
∑
i
|G(q, ωi)|2
(ω − ωi)2 + η2 (10)
G(q, ωi) = 1
ωi|n˜i|
∫
e−qzMˆ−1n˜idz (11)
Where |n| = ∫ n(z; qω)dz is a normalization factor while
η ≪ 1 is a phenomenological damping coefficient. The
full results of this spectrum are shown in Fig. 3 for some
values of H . In solid line is plotted for comparison the
dispersion relation for the SP in a bounded QPHS ob-
tained recently by Moradi [13] who used the correct set
of boundary conditions[10]. The eigenvalue dependence
ωj(q) is specified with dashed lines while the spectrum is
represented through the colour gradient.
Let us discuss two particular cases of the present
model. First, in the classical limit H = 0 it is well known
that the SP becomes non-dispersive, i.e. ω = 1/
√
2. Un-
fortunately, eq. 3 does not allow for a numerical solution
atH = 0, therefore, such limit is not representable within
the present framework. Nonetheless, we see in Fig. 3
that when H is decreased, the ∂ω/∂q slope decreases for
all eigenmodes, so we expect that in the classical limit,
all frequencies will become flat, non-dispersive. More-
over, the amplitude in the spectrum will become localized
around the ω ≈ 1/√2 mode, consistent with the classical
case while all other modes will be spurious and physically
insignificant.
The second particular case is the long-wavelength limit
q → 0 which has been predicted [14, 15] to be insensi-
tive to the equilibrium profile n0(z). Due to the direct
mapping between n0(z) and H , we evaluate the commu-
tator [Lˆ(H1), Lˆ(H2)] 6= Oˆ in the q = 0 case. Since the
operator Lˆ does not commute for two random values of
H it means that its spectrum is sensitive to H and so to
n0(z) even for q = 0. On the other hand, n0(z) is just
weakly dependent on H and the latter appears as H2 in
L which for usual values H < 1 provides a slowly vary-
ing dependence of Lˆ with H . !!This explains why in the
numerical simulations it has been found a linear depen-
dence between frequency and Planck constant, roughly
∂ω/∂H ≈ 0.3.
Regarding the H dependence, from Fig. 3 one can see
how all frequencies are monotonically increasing func-
tions of H , ∂ω/∂H > 0. The first effect pushes upward
all eigenvalues, up to the ωc limit where they become bulk
modes. In turn, the number of eigenmodes is a decreasing
function of H such that, while in the semi-classical limit
H = 0.1 we have 6 surface plasmons, at H = 1 only 4
have survived. The momentum dependence is qualitative
quadratic at large q, consistent with the results of Lazar
et al. [8], Moradi [13] for the bounded QPHS. Quantita-
tively, the frequencies and their slopes are significantly
smaller leading to a considerable red-shift.
Very important is that for any H , the most relevant
eigenmodes in the spectrum are the ones which for q → 0
4FIG. 3: The spectrum function S(q, ω) is plotted in
coloured gradient. For comparison, the dispersion rela-
tion from [13] is shown in solid line, while the present
eigenvalues are plotted with dashed line.
are the closest to the classical value ω = 1/
√
2. This
behaviour explains why in realistic experiments at metal
surfaces it is not observed such a rich spectrum of modes.
Moreover, for small q, some eigenvalues have a negative
slope (∂ω/∂q < 0) consistent with experimental [20] and
DFT calculations [21] for metal surfaces.
Finally, it must be noted that while the qualitative be-
haviour is quite robust, some particular aspects as the
specific values of the frequency or the number of SP
modes are highly sensitive to the spill-out region of den-
sity. More precisely, small variations in the decaying ex-
ponent of the equilibrium density can change significantly
results, in general shifting the frequencies and amplitude
of the spectrum. This feature can be explained math-
ematically from the highly non-linear character of the
coefficients, especially a0(z, q)
In the present work it has been investigated the phe-
nomenon of surface plasmons in a quantum plasma half-
space in the absence of any external confinement. This
condition gives a continuous profile for the equilibrium
density, which, in the frame of the Quantum Hydrody-
namic Model, leads to a tangled differential eigenvalue
problem with variable coefficients. By means of numer-
ical simulation and defining a spectrum function, it has
been proven that the unbounded QPHS supports mul-
tiple non-normal surface plasmon modes of various rele-
vance for dynamics. The non-orthogonality implies that
one cannot excite a single mode, but rather a superpo-
sition of modes. With respect to the bounded case, the
dispersion relations show a significant red shift a flat-
ter profile. This has an important impact in designing
future quantum electronic devices where, for a desired
larger frequency, a better external confinement would be
needed.
This work was partially supported by the Romanian
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APPENDIX
s0 = δg/δn|0 = 3n−1/30 /5 + δvxc/δn|0, s1 = ln(n0)′,
s2 = n
′′
0/n
2
0, a4 = H
2/4, a3(z) = −H2s1/2 and:
a2(z, q) = −n0s0 + H
2
2
(−q2 + s21/2− 2s′1) (12)
a1(z, q) = H
2(
q2s21
2
− 9s
3
1
4
+ 3s1s2 − 3s3
4
)− 2(n0s0)′ + n′0s0 (13)
a0(z, q) = n0 + q
2n0s0 − (n0s′0)′ +
H2
4
(q4 + 9s41 − 2q2s21 + 2q2s2 − 17s21s2 + 4s22 + 5s1s3 − s4) (14)
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